This paper analyzes an explicit return smoothing mechanism which has recently been introduced as part of a new type of pension savings contract that has been offered by Danish life insurers. We establish the payoff function implied by the return smoothing mechanism and show that its probabilistic properties are accurately approximated by a suitably adapted lognormal distribution. The quality of the lognormal approximation is explored via a range of simulation based numerical experiments, and we point to several other potential practical applications of the paper's theoretical results.
Introduction
Pension saving schemes come in many forms and variations but throughout much of Europe, and in the US and Japan, a predominant contract form has been the so-called participating or with-profits life insurance policy. In the UK, for example, more than half of all outstanding life insurance policies are of the with-profits type, and in Denmark until very recently virtually all occupational pension schemes have been of this type. The main characteristic of with-profits schemes is that policy holders' contributions are pooled and invested in a mutual fund where the investment return is somehow smoothed over time before it is returned to investors' accounts.
The idea of the smoothing procedure is to allow the pension plan sponsor to credit policyholders' accounts first with a basic (and often guaranteed) policy interest rate and then to top this off with fairly stable annual bonuses obviously depending on the success of the investment strategy.
While the classical with-profits industry has been successful for many years it has been forced to face a series of severe challenges recently. These challenges relate to solvency problems caused by carelessly issued guarantees, consequences of negligent risk management, and the merciless revelations of new fair value based financial reporting standards, to name a few. The life insurance and pensions (L&P) industry has also had to face increasing criticism from many sides for the lack of transparency of their traditional with-profits policies. The with-profits policies are not well-defined contracts in the sense that policy holders' ownership of assets, the associated return smoothing mechanism, and the right to receive bonus are not explicitly known. Although the companies' bonus policy can sometimes be fairly accurately estimated and forecasted (see Grosen and Jørgensen (2002) ), the opacity and lack of formality in these policies obviously create problems -particularly for outside observers -in relation to for example risk assessment and the fair valuation of liabilities.
1 There are also clear indications that pension savers are increasingly frustrated over the terms of with-profits contracts and that many shop for more transparent alternatives -mainly the more individualized unit linked products. In many respects, unit linked contracts are quite the opposite of traditional with-profits policies. Unit linked contracts are individual rather than collective. Assets are placed in separate, customer-controlled accounts rather than in professionally managed pools, so clients know the return generating mechanism exactly and there are no inter-generational transfers. Furthermore, features such as rate of return guarantees are not automatically issued with unit linked policies, but can sometimes be purchased at an additional fee. "New money" -i.e. contributions from new policies -presently pours into unit linked contracts on a worldwide basis. In Denmark for example, unit linked savings products were virtually unknown prior to 2000, but now they account for about one-third of all new L&P policies.
The problems with the design of traditional with-profits policies that have become apparent in recent years have inspired innovation and creativity in the R&D departments of L&P companies, and many new scheme types have been introduced in the new millennium. The new life savings products that are now offered reflect the fact that today's markets have other preferences and requirements than just a few years ago. The new products are often more transparent and the element of collectivity is less than in traditional with-profits policies. Moreover, the once standard embedded guarantees have now typically been removed. However, a certain resistance towards abandoning all of the features of traditional with-profits products is also observed. This holds particularly in relation to the profit smoothing principle which is clearly seen as such a deeplyrooted virtue of traditional L&P products that L&P companies have had a hard time letting it go entirely. In this connection it has been argued that one should not throw out the baby with the bath water, as the old saying has it. This paper analyzes the construction and properties of a representative example of these new pension saving schemes. The most interesting and distinctive feature of this new scheme is that in contrast to traditional with-profits policies, its bonus crediting policy has been made explicit and put on a mathematical formula. 2 The purpose of this product design has been to alleviate some of the above-mentioned problems related to traditional with-profits policies and to combine the "best of two worlds": the transparency and individuality of the unit linked schemes, and the seemingly more moderate risk structure of traditional return smoothing products.
One obvious advantage of explicit and well-defined return smoothing mechanisms from a researcher's point of view is that with-profits contracts can now be analyzed with the same degree of precision as is obtained in the vast literature on unit-linked policies. The lack of a 2 The pension scheme studied in this paper was marketed by Danish Life Insurer Codan in September 2002. Codan's new pension scheme was named TidsPension (TimePension) and was the first in Denmark to offer a fully transparent and mathematically well-specified return smoothing mechanism. TidsPension quickly became a success for Codan. The launch of the new product created a lot of media attention and Codan -Denmark's 4th biggest life insurer/pension provider -now sells more TidsPension policies than unit linked policies. Moreover, Codan has almost stopped selling traditional with-profits policies. Further background, discussion, and analysis is provided in Guillen, Jørgensen, and Nielsen (2006) . similar body of literature on with-profits products is undoubtedly attributable to the previous lack of formalism in the definition of these contracts. We can thus focus more precisely on the true risk properties and other probabilistic characteristics of these contracts and these are some of the subjects that will be analyzed in this paper.
The remainder of the paper is organized as follows. The next section describes the design characteristics of the contract to be analyzed. The payoff function implied by the return smoothing mechanism is established, and a dynamic model for the financial market and the investment fund underlying the contract is introduced. Section 3 contains our main theoretical results. We argue that the complex and path-dependent payoff function of the contract may be well approximated by a lognormal distribution. By establishing the true first and second moments of the payoff function, the moment matching approximating lognormal distribution is then identified. In section 4 the quality of the suggested approximation technique is evaluated by considering a range of realistic examples. These representative examples indicate that the approximation is generally very accurate. This analysis also inspires the definition of a smoothing index which measures the effectiveness of the return smoothing mechanism in removing volatility from the underlying investment fund. Section 5 concludes and discusses other potential practical applications of the paper's results.
The contract and the model
This section first describes the design of the contract to be studied. We then derive the contract's payoff function and introduce a simple model for the market dynamics which will allow us to analyze the probabilistic properties of the payoff function.
Contract design
For notational simplicity we study the single premium version of the contract. 3 The contract is entered into at time 0, and it has a fixed maturity date, T , and a number, N , of smoothing dates, t n ; n = 1; : : : ; N, that are equally spaced over the life span of the contract as illustrated by the figure below. 
The central point of the contract is the policyholder's account into which his single premium is deposited at time 0. The balance in this account will be updated only at the smoothing dates and finally paid out at the maturity date, T . The policyholder's account balance is not payable before time T . The rule for updating the policyholder's account balance at the smoothing dates is also referred to as the return smoothing mechanism and is described next.
When the pension company receives the initial premium it is immediately invested in a wellspecified financial portfolio. For t 2 [0; T ] let A(t) denote the time t (cum-dividend) market value of this underlying investment fund. fA(t)g 0·t·T is a continuous time process and the idea of the return smoothing mechanism is to let the development in the policyholder's account balance "shadow" the development in the value of the investment fund in such a way that large fluctuations in market values are smoothed out over time.
With D(t) denoting the policyholder's account balance at time t 2 [0; T ], the return smoothing mechanism is defined in the following way:
Here r D is the constant and positive discretely compounded reference policy interest rate, and ® 2 [0; 1] is the smoothing parameter.
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We note first that fD(t)g 0·t·T is a pure jump-process in continuous time with jumps -i.e. 
surplus is then further credited to the policyholder's account as a kind of "bonus". It should be noted that as the surplus may well become negative, so can the "bonus". Note finally that the lower the ®, the more the market returns on A(¢) are smoothed towards the certain "promised" reference return, r D . We can thus refer to the limiting cases as full smoothing (® = 0) and no smoothing (® = 1) respectively.
To illustrate the properties of the smoothing mechanism we provide the following simple 5-period example where the underlying investment fund experiences the return series +20%, -15%, +20%, -15%, +20% over the 5 periods. The reference policy interest rate, r D , is 3%, the smoothing parameter, ®, is 20%, and the contract size is 100. In this representative scenario the value of the investment fund will be 120 after the first period. According to (1) the policyholder's new account balance at time 1 is determined as D(1) = 1:03¢100+0:2 ³ 120¡1:03¢100´= 106:4.
Values and account balances for the full period are shown in Table 1 below and the development is further illustrated in Figure 2 . Figure 2 clearly illustrates how the balance in the policyholder's account, D(t), tracks the market value of the investment fund, A(t), while at the same time being the less volatile of the two processes. In the present scenario the issuer of the contract ends up with a surplus since
In other scenarios the insurer might experience a deficit at the maturity date.
The payoff function and the dynamic model
As explained above, the contract's payoff at time T is D(T ), and to obtain a more explicit representation of this payoff function we can susbstitute D(¢)'s recursively in (1) to first find
Taking the recursive substitutions all the way back to time zero we arrive at
Relation (3) shows that the contract's final payoff can be decomposed into a known constant -a "bond element" -and an exponentially weighted sum of fund values sampled at the smoothing dates -a kind of "structured derivative". It should be noted that important information about D(T ) is thus revealed as time passes and as the A(t i )s are realized. For t 2 [t n ; t n+1 [, for example, decomposition (2) clarifies how D(t n ) -which is then observed -captures relevant information about previous A(t i )s.
In order to study the properties of the contract further it is now time to make specific assumptions about the financial market and the dynamics of the underlying investment fund. Let us therefore assume that all activity occurs on a filtered probability space (−; F; fFg t ; P) supporting Brownian motion on the finite time interval [0; T ]. The value of the investment fund evolves through time according to a geometric Brownian motion, i.e.
where ¹ and ¾ are the positive and constant drift and diffusion coefficients respectively. W(t) is a standard Brownian motion under the (physical) probability measure P. Adding the assumptions of existence of perfect markets and of a constant continuously compounded riskless rate of interest, r, our framework would thus be identical to the celebrated framework of Black and Scholes (1973) . The well-known solution to (4) is
which implies that future fund values are lognormally distributed.
For the remaining part of the paper our main objects of interest will be the stochastic "structured derivative" components of (2) and (3), and for t 2 [t n ; t n+1 [ we therefore define
With (5) as the model for the dynamics of the underlying investment fund, X n;N is clearly a stochastic variable constructed as an exponentially weighted sum of correlated lognormal variables. Such (weighted) sums of correlated lognormal variables frequently arise in finance and insurance contexts, and it is therefore unfortunate that the density function of the sum of lognormal variables in general does not have an explicit representation. Various approximation techniques have therefore been developed and explored. One common and popular methodology has been to approximate the sum of lognormals by a suitably adapted (moment matching) lognormal distribution. Dufresne (2004) provides theoretical justification for this approach and for example shows that the lognormal is the limit distribution as the volatility tends to zero. In an earlier paper Dufresne (1990) proves that the infinite sum of lognormals has a reciprocal gamma distribution. This result provides motivation for the potential use of the moment matching reciprocal gamma distribution as an alternative for approximating the distribution of a finite sum of lognormal variables. Finally, comonotonic approximations have recently been proposed as yet another interesting approximation technique when working with discrete sums of lognormal variables, see e.g. Dhaene et al. (2002a) .
The above-mentioned approximation techniques have all been applied to price Asian optionsa problem that has been studied extensively in the financial literature. 6 For example, Levy (1992) provides approximation formulas for Asian option values based on the moment matching lognormal approximation. 7 Milevsky and Posner (1998) base their analysis of Asian options on the aforementioned approximating reciprocal gamma distribution, and Dhaene et al. (2002b) derive comonotonic upper and lower bounds for Asian option prices which appear to be very tight.
The cited works on Asian option pricing are of obvious relevance for the problem studied in this paper because of the similarity of the pension contract's payoff function given in (6) and the variable underlying the exotic path-dependent structured derivatives that we know as Asian options. However, having noted some very qualified alternative procedures for approximating sums of lognormal variables, we henceforth confine ourselves to working exclusively with the moment matching lognormal approximation. We thus leave it for future research to further compare and evaluate the competing methodologies for approximating sums of lognormal variables.
The paper's next section will address the specifics in determining the approximating lognormal density functions for the family of X n;N s.
Approximating the contract's payoff distribution
As noted in the previous section it is well-known that the distributions of sums of lognormal variables may often be well approximated by suitably adapted lognormal distributions. We suspect that a similar approach can be used in the present context, and pursue the task of finding appropriate approximating lognormal densities for X n;N in this section. The critieria for selecting "suitable" approximating lognormal distributions will be that of matching moments as explained below.
6 Asian options are options where the payoff depends on the average price of the underlying asset during at least some part of the life of the option. Prices are lognormal when the typical Black and Scholes (1973) assumptions are made. 7 In parts of their study on American-style Asian options Hansen and Jørgensen (2000) pursue a similar idea.
Let firstX n;N jF t denote the lognormal random variable the (conditional) density of which we will use to approximate the density of X n;N jF t . The variable lnX n;N jF t is then normally distributed with mean and variance which we denote » t and º 2 t respectively. The moment generating function of the normal tells us that
In particular, the first two moments (k = 1 and k = 2) are given as
Now, as will be established in the lemmas below, the true moments E fX n;N jF t g and E © X 2 n;N jF t ª can be explicitly calculated, and we will therefore use the following moment matching conditions to obtain » t and º 2 t to use in the approximating density:
Using (8) and (9), the system (10)-(11) can be solved for » t and º 2 t . We get
The matching of the first two moments in this way has been termed Wilkinson's approximation (see e.g. Levy (1992) ), and with the right-hand sides of (12) and (13) known, this will be our recipe for selecting approximating lognormal distributions. The lognormal density is of course given as
The following lemmas establish formulas for the true moments to be used on the right-hand sides of (12) and (13).
Lemma 1: Let t 2 [t n ; t n+1 [ with n 2 f0; 1; : : : ; N ¡ 1g. We have
2 Proof of Lemma 1: See Appendix A.
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Remarks:
We note the following properties of the expression for the conditional expectation established in (15): 1. E fX n;N jF t g does not depend on the investment fund volatility, ¾.
2. E fX n;N jF t g = 0 for ® = 0. This makes sense since with ® = 0 (full smoothing) the stochastic component of the payoff function disappears and the contract is equivalent to a riskless bond.
3. E fX n;N jF t g = A(t)e ¹(T ¡t) for ® = 1. This is because with ® = 1 (no smoothing), X n;N jF t is identical to A(T )jF t and therefore lognormal. In this case holding the contract is thus precisely like holding the investment fund for which the same result holds, i.e.
E fA(T )jF t g = A(t)e ¹(T ¡t) .
4. Note finally that in the special case where (1 ¡ ®)(1 + r D ) = 1 (which corresponds to equal weighting in the sum (6)) we have shown that
This result corresponds with the result obtained by Levy (1992) , p. 489, in his study on Asian options, i.e. the equal weighting case. The expectation of the stochastic part of (3) is plotted using the result in Lemma 1. It is seen that E fX n;N jF t g increases in ®. This can be explained by the fact that in the present case a higher ® corresponds to less smoothing and thus to taking on more risk. The sum of the parts is also increasing in ® in this case, but both of these relationships might be reversed for example We move on to establishing the second moment of X n;N in Lemma 2 below.
Lemma 2: Let again t 2 [t n ; t n+1 [ with n 2 f0; 1; : : : ; N ¡ 1g. As regards the second conditional moment of X n;N , the following result can be established:
where
2 Proof of Lemma 2: See Appendix B.
The following observations can be made in relation to the second conditional moment derived in (16):
1. E © X 2 n;N jF t ª clearly depends on the investment fund volatility, ¾.
2. Letting ¾ = 0 it is easily seen that E © X 2 n;N jF t ª = E fX n;N jF t g 2 implying that Var fX n;N jF t g = 0 -an intuitively appealing result.
3. E © X 2 n;N jF t ª = 0 for ® = 0. Again this is explained by the fact that the entire stochastic term of the payoff function -given in (2) or (3) -disappears when ® = 0.
. This is consistent with the lognor-
The moment generating function, (7), can be used to confirm the result.
5. In the special case where (1 ¡ ®)(1 + r D ) = 1, it can be confirmed that (16) simplifies to the result obtained by Levy (1992) (see p. 489 ibid.).
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For the same representative case as used in Figure 3 above, Figure 4 shows how the second moment of the payoff function varies with the smoothing parameter, ® ann , and with the fund volatility, ¾. As expected we see that E © X 
Approximation of unconditional payoff densities
To evaluate the quality of the suggested approximating lognormal density for X n;N we provide a variety of results comparing the approximations with the "true" densities obtained via largescale Monte Carlo simulation. We first concentrate on unconditional densities for the contract payoff, D(T ), and "stress test" the approximation methodology by considering the quality of the approximation for a collection of rather extreme cases which are described next.
We consider the 8 borderline cases that arise as combinations of situations where time to maturity is short or long, where volatility is low or high, and where smoothing is weak or strong.
More specifically we consider the cases identified and listed in Table 2 below: Other, fixed parameters: The choice of 10% and 30% as borderline volatilities has been motivated by the fact that welldiversified portfolios as well as broad stock exchange indices typically have volatilities in the neighborhood of 15-20%. Further, a time to maturity of 5 years must be considered as short in a pensions savings context, whereas anything above 20 years would qualify for the "long" predicate. As regards the smoothing parameter it will become clearer later in the paper that an annual ® of 20% or above does not imply a lot of smoothing. Hence we have taken ® ann = 5%
and ® ann = 20% to represent "strong" and "weak" smoothing respectively.
The remaining parameter values are fixed and identical for the 8 cases considered. We set ¹ = 7%, r ann D = 3%, and use monthly smoothing, i.e. ¢t = 1 12
. In each case we simulate 1,000,000 paths for the value of the underlying investment fund to obtain 1,000,000 final contract payoffs, D(T ). This allows for the construction of very accurate "true" density and distribution functions for D(T ). In the following we will compare these with approximated densities and distributions obtained from using the methodology described in the previous section. We obtain approximate distributions for D(T ) by displacing in each case the distribution for X 0;N by the constant -"the bond element" -given by the first term in (3).
The results of this effort can be studied in the appended The general impression from considering the plots in Figures 5-12 is that the lognormal approximation method works very well. In most of the cases it is hard to distinguish the plot of the approximating density from the plot of the true density. Where small differences occur these tend to be for cases where volatility is high and/or smoothing is strong. The differences can be further explored in the density difference plots. These plots are seen to display a similar wavy pattern across the eight cases: The lognormal approximation first overshoots a little, then undershoots, overshoots, and finally undershoots again. Note, however, the very small (and generally somewhat different) y-axis scales in these plots.
The Q-Q-plots support the conclusions above. They are all close to being perfect 45 ± -lines.
Case 7 which has both high volatility, strong smoothing, and a long time to maturity seems to be the "worst of the good".
Digressions on replication and on measuring the extent of smoothing
If we accept the conclusion that the part of the payoff function represented by X n;N is well approximated by a lognormal distribution, then we must also conclude that a payoff structure almost identical to the one provided by the return smoothing contract can be obtained by investing partly in a riskless asset and partly directly in an asset, S, whose price process is a geometric Brownian motion (GBM) with an appropriately scaled-down volatility. 9 If S evolves as a GBM with volatility ¾ S we have
and since for t 2 [t n ; t n+1 [ we have
then at any time t a good substitute (read: "hedge") for the second, stochastic payoff component, (6), of the return smoothing mechanism would be a direct investment in asset S with a volatility given as
This volatility is easily determined using the definition of º t given in (13) which can be evaluated using the expressions derived in Lemmas 1 and 2. It should be noted that ¾ S changes with time.
One might finally expand the considerations above to develop a measure of the strength of smoothing implied by a specific set of contract parameters at a given point in time. In order to make sense, such a measure should use the volatility of the underlying investment fund as the base for comparison, and it should express how much of this volatility is "removed" by imposing the return smoothing mechanism on this fund. To measure the volatility of the contract's smoothed return, relation (19) can serve as the point of departure. Recall that ¾ S is the approximate annualized volatility on the second, stochastic part of the payoff (see (2)). The volatility of the first, riskless part is zero. To obtain an approximate total return volatility, ¾ S should be weighted to reflect the relative importance of X n;N in the payoff function. A quick-and-dirty choice of weight, ', is obtained by using the expectations of the two payoff components in the weighting scheme:
This is again easily evaluated using the result in Lemma 1.
A sensible measure of the strength of smoothing -a smoothing index -can now be defined as follows: 
Table 3
Smoothing index ¤ The smoothing index expresses (in percentage terms) how large a proportion of the volatility of the underlying investment fund is removed by imposing the return smoothing mechanism to this fund. Table 3 confirms that a lower ® ann is generally associated with stronger smoothing. The index suggested in (21) tends to 100 as ® ann # 0, and it will tend to 0 as ® ann " 1 . The table also shows that the volatility of the underlying investment fund itself does not affect the smoothing index much. Finally, it is seen that the longer the time to maturity, the weaker the smoothing.
Note for example that for T = 20; ¾ = 0:20, and ® = 0:20 -which is a parameter set closely representing what is actually offered in practice -the smoothing index stands only at about 15. This means that the contract volatily is only marginally lower than the volatility of a direct investment in the underlying investment fund.
Approximation of conditional densities
So far our investigations into the quality of the suggested approximation methodology has centered around examples of unconditional distributions. That is, we have only considered contracts and their payoff distributions as seen from the initial date, t = 0. However, the approximation procedure was designed to include handling of conditional distributions and approximate payoffs of what might be called in progress contracts at any time t 2 [t n ; t n+1 [; 8n. In these situations, the true as well as the approximated payoff distributions will be conditional on observed values of the state variables D(t n ) and A(t) -i.e. the current policyholder account balance and the current market value of the underlying investment fund respectively.
In this section we briefly present some selected illustrative examples to support the claim that the payoff density approximation technique also works well in its conditional form. The examples consider a 20-year contract 15 years after inception and thus with 5 years left to maturity. The initial deposit is normalized at 100 as before, and key contract and market parameters are chosen to reflect a "difficult case" for the approximation technique, cf. the previous section. More specifically, we set ® ann = 0:05 (strong smoothing) and ¾ = 0:30 (large volatility). As before we set ¹ = 0:07; r Following a similar Monte Carlo procedure as described in the previous section we construct accurate true payoff densities for the 3 cases and in Figure 13 these are plotted together with their associated lognormal approximations.
We first note that the approximation again seems to be very accurate and we therefore leave out the density difference plots as well as the Q-Q plots for these cases. The importance of the current market value of the underlying fund for the final payoff distribution should also be
Figure 13
Simulated true and approximate conditional terminal payoff densities noted. Although the present policyholder account balances, the D(15)s, are identical in the 3 cases, the payoff distributions are very different. We see that the density of the payoff distribution is centered around lower values and more spiked, the lower the market value of the underlying investment fund.
Concluding remarks
This paper has analyzed the return smoothing mechanism embedded in a new type of pension savings scheme which has been introduced recently by a Danish life insurance company.
Contrary to the widely criticized return smoothing mechanisms in traditional with-profits policies, the mechanism analyzed here is fully transparent in the sense that policyholders are fully informed about the characteristics of the underlying investment fund and about the exact way in which market returns are smoothed and credited to their personal accounts over time.
The transparency and well-definedness of this new return smoothing mechanism allowed us to establish the pension scheme's exact payoff function. This function clarifies how entering into this scheme is tantamount to holding a portfolio consisting of a certain position in the riskless asset and a position in a structured derivative with a payoff determined as an exponentially weighted average of market values of the underlying investment fund sampled at equally spaced time intervals over the life of the contract.
Inspired in part by the literature on the types of exotic derivatives known as Asian options, we showed how the payoff distribution of the structured derivative component of the contract could be approximated by a lognormal distribution. Since the first two true moments of the stochastic payoff of the structured derivative component could be determined analytically, we used moment matching as the criteria for identifying the specific approximating lognormal distributions.
During the course of the analysis, a range of simulation based numerical experiments were conducted to support the conclusion that the approximation technique indeed performs well.
For the holder of the type of pension savings contract described in this paper the importance A second potential application of the paper's results relates to the valuation of options in connection with the pension saver's contract. For example, it is quite common that companies issue maturity guarantees along with pension savings products like the one described and analyzed in this paper. 10 In the present context a guaranteed contract payoff would correspond to a riskless bond and a call option on X n;N being held by the pension saver. In light of the results of this paper this highly exotic and Asian-like option could be quite accurately valued by the suitably adapted version of the Black-Scholes formula (Black and Scholes (1973) ) that would result from assuming the underlying variable to be lognormal. As this paper has shown, such an assumption would not be unreasonable.
An obvious extension of this work would be to investigate the performance of alternative techniques for approximating the sum of lognormal variables which appeared in the pension 10 For an analysis of maturity guarantees in relation to pension savings contract see Boyle and Hardy (1997) .
contract payoff function studied in this paper. In this respect, the theory of comonotonicity put forward in a series of recent papers (e.g. Dhaene et al. (2002a) and Dhaene et al. (2002b)) appears most promising. For example, in a study of risk measures related to discounted sums of nonindenpent lognormal random variables Vanduffel, Hoedemakers, and Dhaene (2005) report that their comonotonic "maximal variance" lower bound approximation outperforms both the usual lognormal approximation and the approximation based on the reciprocal gamma distribution (see also Vanduffel et al. (2006) ). It would be interesting to conduct a similar study for the somewhat different payoff function/contract type presented in this paper.
These appendices are supplied for the referee's convenience The paper can be published with or without them
A Proof of Lemma 1
For ease of notation define ! = (1¡®)(1+r D ). Then for t 2 [t n ; t n+1 [ and n 2 f0; 1; : : : ; N ¡1g
we have
B Proof of Lemma 2
Again we let ! = (1¡®)(1+r D ), and t 2 [t n ; t n+1 [ with n 2 f0; 1; : : : ; N ¡1g, and we consider
Using (5) and standard results regarding the properties of Brownian motion, the expectation in (B.1) can be evaluated as
and (B.1) can thus be continued as follows
For ease of notation we now define ¡ = ! e ¹¢t and ¤ = ! e (¹+¾ 2 )¢t , and consider next the first inner sum of (B.2). Assuming ¡ 6 = 1; ¤ 6 = 1, and ¡¤ 6 = 1, we get
3)
The first double sum component of (B.2) is thus
Now, similar manipulation of the second inner sum of (B.2) yields
The second double sum displayed in (B.2) thus becomes
A final collection of terms yields the desired result Quantiles in lognormal approximation Simulated "true" quantiles
